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Exercise 9

a) Use truth tables to verify the associative laws

(pNVvg)Vir=pV(g\Vr)

b) Use a truth table to verify the first De Morgan law
—(pANg)=—pV —q

c) Use a truth table to verify the distributive law

pA@Vr)=(pAg)V(pAr)



Solution Exercise 9

DEFINITIONS

Two propositions are equivalent, if they have the same truth value for every
possible combination of truth values for the variables (p,q.r, ...).

TRUTH TABLE

A conjunction p A g is true, if both (sub)propositions (p and g} are true.

A disjunction p v g is true, if either of the (sub)propositions (p or q) are
true.

A negation —p is true, if the (subjproposition p is false.

A conditional statement p — g 1s true, if p is false, or if both (sub}propositions
are true.

A biconditional statement p « g s true, if both {sub)propositions are true
or if both (sub)propositions are false.



(a) The two propositions (p% q)Vr and pv (g r) are equivalent, because
the last two columns of the following truth table are identical {except for
the expression in the first row).

pagr pvgqvr (pvg)vr pv(gqvr)

TIT|IT|T [T |T T
TTFT T T T
TFTT T T T
TFFT F T T
FTTT T T T
FTFT T T T
FFTF T T T
FFFF F F F


https://d2nchlq0f2u6vy.cloudfront.net/18/03/14/8641c7cde80588d6144c021a529e6298/34ae8add2cf0781be4336fbc81d86376/image_scan.png

(b} The two propositions (p A q) A r and p A (g A r) are equivalent, because
the last two columns of the following truth table are identical (except for
the expression in the first row).

pagr pt*qagtr(ptqtr pt(gtn

TTTT T T T
TTFT F F F
TFTF F F =
TFFF F F =
FTTF T F F
FTFF F F =
FFTF F F =
FFFF F F F


https://d2nchlq0f2u6vy.cloudfront.net/18/03/14/8641c7cde80588d6144c021a529e6298/62e1c55ac83277f62f4f37c28d09320b/image_scan.png

Exercise 10

Show that each of these conditional statements is a tautology by using truth tables.

a) (pAg)—>p b) p—>(pVvyg)
¢c) =p—(p—q) d) (prg)— (p—q)
e) ~(p—>q)—>p f) =(p - q) > —¢q

Solution Exercise 10

paptq(ptq)->p Pagpvgp->(pva)
TTT [T T |T
TFF T oET |T
FTF T EIRT [T
FFF T RSIE T



p g notp p->q notp->(p->q)

NEF T T
NEF F T
FTT T T
ERT [T |T

paptqp->q(p'q->(p->9
TT |T

TFF F
FTF T
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Exercise 11

Show that these conditional statements are logically equivalent.

—(p <> q) and p < g
—p <>qgand p <> ¢
(p—>r)A(g—>r)and(pVg) —>r

Solution Exercise 11



SOLUTTION
Use logical eqguivalence {(5):
—{p +> q) = —~[{p — q) ~ (g — p)]
Use IDve Morgan's law:
= p — g} —lg — p)
Use logical equivalence {2):
= —~({—~pvaglw (g Vv p)
Use IDe Morgans law and double negation law:
= (P~ —g) v lg A —p)
Use distributive law {(twice):
= {p o —g) ™ g) A llp Ao—g) v —p)

={{pvg)A{—g~wg)) {({(pv —-p)A{—gw —p))

Uze the mnegation and commmutative law:

= {{pvg)l AT} (T n{—gw —p})
Use dentity lasw:

={pvaglrni—gv—p)
Use compmtative law {(twice):
g~ p) A (—p W —g)

={—pvw —g) " lgwp)

Use logical eqguivalence (2] and double negation lasw:

= (p — —q) ~{—g — p)

Use logical eqguivalence {(5):

= s gy

We hawve thus derived that —{p < g} is logically eguivalent with p <3 —qg.



SOLUTION
Use logical equivalence (5):
—lpe q)=-llp— ) n (g —pl]
Use De Morgan's law:
=-(p—=q)v—-lg—=p)
Use logical equivalence (2):
=—(-pVaq)V-{-gVp)
Use De Morgan’s law and double negation law:
={p~—gq)Vigh-p)
Use distributive law (twice):
= ((pr—g)va)nl(pr—q)V—p)

=((pVaglh{—gVagl)AllpV-p)ii(—-gV —p))

Use the negation and commmtative law:

=(pvag)nT) (T Ar(—gV —pl)
Use identity law:

=(pVgq)A{—gV-p)

Use logical equivalence (2) and double negation law:

=(—p—q)nlg— —p)

Use logical equivalence (3):

=P q

We have thus derived that —(p < g) 18 logically equivalent with —p « q.

PEI=Epe g

Taking the right hand side:

peq=-lporq)=-[phg)vi-phg)
=(prg) A (pA-g)=(pV g A p-g)=(p——g)r(-p—q)
Contraposative of (p — —q) I8 (¢ — —q), thus, p — -q = (g = —p).

(= -p)r(p—=q=-peqg QED



LOGIOCAL EQUIVALENCES

P —p g (1)

Distributive laws:
pYigar)=(pvag)ipvr)
poalgvr)=(pig)Vipsr)
De Morgans laws:
—~{pArg)=—p g

—{pvg)=—pH g
SOLUTION

Use logical equivalence (1):

(pvg) = r=—(pvglvr

Use De Morgan's law:
=({-pA-og)Vvr

Use distributive law:
=(~pVr)ial-gVvr)
Use logical equivalence (1):

=(p—=r)ilg —r)

We have thus derived that (p — r) A {g — r) 15 logically equivalent with
(pvaq)—r.



Exercise 12

Determine whether each of these compound propositions is satisfiable.

a) (pvV—g)AN(=pVg)AN(—pV —q)

b) (p=>g)AN(p—>—qg)AN(=p—q)AN(—p—> —q)

¢c) (p<g)AN(—p<q)

Solution Exercise 12

a. In the truth table we notice that the compound proposition is true when
p s false and g is false, thus the compound proposition is satisfiable.

P 4 pv~g ~pvq
T T T T
T F T F
F T F T
FF T T

~p Vv ~q

F

T
T
T

Compound propisition
F

F
F
_I_



b. In the truth table we notice that the compound proposition is always false, thus the compound
proposition is unsatisfiable.

TT T F T T F
TEFF T T T F
FT T 1 T F F
FET T F T F

c. In the truth table we notice that the compound proposition is always false, thus the
compound proposition is unsatisfiable.

n T o=
n = m
— m m -
m = =
Mm ™M ™ T




Exercise 13

Let P (x) be the statement “x can speak Russian™ and let Q(x) be the statement “x knows
the computer language C++.” Express each of these sentences in terms of P (x), Q(x),
quantifiers, and logical connectives. The domain for quantifiers consists of all students
at your school.

a) There 1s a student at your school who can speak Russian and who knows C++.

b) There is a student at your school who can speak Russian but who doesn’t know C++.
c) Every student at your school either can speak Russian or knows C++.

d) No student at your school can speak Russian or knows C++.

Solution Exercise 13
—IAx(P(x) VvV Q(x))

—Jx(P(x) V Q(x))
—3x(P(x) V Q(x))
—3x(P(x) vV Q(x))
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Exercise 14

Let P(x) be the statement “x=x*" If the domain consists of the integers, what are these
truth values?

a) P@) b) P(1) ¢c) P2
d P(—1) e) dxP(x) f) VxP(x)

Solution Exercise 14

a)} P{0) is true, because the corresponding statement 0 = 07 is true.

la) £y po =3

b} P{1) is true, because the corresponding statement 1 = 12 is true.

L) po =

(e} P{2) is false, because the corresponding statement 2 = 22 is false (since
22 — 4).

(d} P{—1) is false, because the corresponding statement —1 = {— 1) is false

(since {—1)% = +1).

{e) deP{x) 1s true, because we know that P{x) is true for & = 0 {(due to
part {a)) and thus there exists and x for which F{x) is true.

{f) Yo P{x) is false, because we know that FP{x) is false for x = 2 (due to
part {c)) and thus it s not true that FP{x) is true for all possible wvalues of
.



Exercise 15

a) Use a direct proof to show that the sum of two odd integers is even.
b) Use a contraposition proof to prove that if n is an integer and n2 is odd, then n is
odd.

Solution Exercise 15

TO PROOF: The sum of two odd integers is even.

PROOE

Properties odd and even integer:

If =+ 1s an odd mteger., then there exists an integer iy such that = = 29 + 1.
If = 1s an even Integer, then there exists an Integer i such that @ = 2.
Leet a and & be odd integers, then there exists integers 1w and =z such that:

a = 2y + 1
b= 2=z + 1

We are interested in the sum of the two odd integers:

a+b =2y + 1+ 22+ 1 =2y + 22+ 2 = 2{y + = + 1)

Since 1y oand = oare mtegers, w +— =2+ 1 is also an integer and thus a +— 6 is even
{using the above property for even integers).

1



Exercise 16

Determine the truth value of each of these statements if
the domain consists of all integers.

a) Vn(n+1 > n) b) An(2n = 3n)
¢) dn(n = —n) d) Vn(3n < 4n)

Solution Exercise 16

a) vn(n+1 > n)
True n+1 will always be greater than n (even negative numbers)

b) An(2n =3n)
True n can be 0; (0 =0)

c) An(n =-n)
True n can be 0; (0 =0)

d) vn(3n <4n)
False, n can be -1. (-3 < -4) is not true



x can be 1.2 or 3 and all values have to be possible.

Exercise 17

Suppose the domain of the propositional function P (x, y)
consists of pairs x and y, where x is 1, 2, or 3 and y is
1, 2, or 3. Write out these propositions using disjunctions
and conjunctions.

a) dx P(x, 3) b) Vy P(1, y)
¢c) dy—P2,y) d) Vx—-P(x,2)

Solution Exercise 17

rean be 1.2 or 3 and there has to exists 1 value out
of the three for the propositional function.

n) P(1,3)v P(2,3)v P(3,3)
by P(1,1) A P(1,2) A P(1,3) y can be 1,2 or 3 and all values have to be possible.

y can be 1.2 or 3 and there has to exists 1 value out
c) ~P(2,1)v -P(2,2) v ~P(2,3) of the three for the propositional function.

d) =P(1,2) A =P(2,2) / —P(3,2) xr can be 1,2 or 3 and all values have to be possible.



Exercise 18

Find the argument form for the following argument and
determine whether it is valid. Can we conclude that the
conclusion is true if the premises are true?

If Socrates 1s human, then Socrates 1s mortal.
Socrates is human.

. Socrates 1s mortal.

Exercise 19

Find the argument form for the following argument and
determine whether it is valid. Can we conclude that the
conclusion is true if the premises are true?

If George does not have eight legs, then he is not a
spider.
George is a spider.

*. George has eight legs.



Solution Exercise 18

SOLUTION
Let us assume: INTERPRETATION SYMBOLS
p ="Socrates is human” Conditional statement p — g: if p, then g

g =" Socrates s mortal” . . .
RULES OF INFERENCE

LTy : i ..
We can then rewrite the given argument as: Modus ponens

p—q piq
P q
q

The order of the statements in the argument does not matter, as long as the
conclusion remains at the very hottom.

P
P—4q
i

We then note that the conclusion is true, because the argument is identical
to rule of modus ponens.



Solution Exercise 19
SOLUTION INTERPRETATION SYMBOLS

Let us assume: Negation —p: not p
P =,.,. gemge hﬁb Elg__gtnlegs" Conditional statement p — g0 if p. then g
g =" George is a spide”

LOGICAL EQUIVALENCES

We can then rewrite the given argument using the above interpretations:

Double negation law:

p ~(-pl=p
P RULES OF INFERENCE
We can use the double negation law: Modus tollens
iy 2o
—{=p) v

The order of the statements in the argument does not matter, as long as the
conclusion remains at the very bottom.

—(—q)

—{=p)
We then note that the conclusion is true, because the argument is the rule
of modus tollens.




